Abstract. -We study the electrostatic effects on the undulation of a flexible membrane with non-vanishing excess charges and charge fluctuation. It is shown that the membrane becomes unstable to a long-wavelength undulation due to Coulomb repulsion between excess charges on the membrane. This instability is suppressed both by charge fluctuation which induces an effective attraction and by free ions in solution which screen the Coulomb repulsion. Our result explains qualitatively spontaneous vesiculation and also its suppression by added salts observed for mixtures of ionic surfactants. The charge-fluctuation-induced attraction, unless screened by the free ions, softens the membrane by reducing bending rigidity.
Electrostatic interaction plays a fundamental role in regulating many biological processes such as cell adhesion and DNA clustering in ionic solutions [1] . Recently, a lot of attention has been paid to electrostatic attraction [2] between like-charged objects that occur in fluctuating environments in conflict with common sense. This puzzling phenomenon is attributed to correlated fluctuations of charge density around a uniform distribution. For example, such an attractive interaction in system of like-charged macroions can be mediated by either thermally fluctuating counterions at high temperature [3, 4] or zero-point fluctuations of plasmon modes associated with ionic crystal at low temperature [5] .
Elastic properties and conformations of charged biopolymers and membranes are significantly affected by electrostatic interactions. Within the mean-field approaches using PoissonBoltzmann equation [6] , the electrostatic interaction appears to enhance rigidities of the charged macromolecules, leading to more stretched conformations. However, Lau and Pincus [7] have recently shown that the trend is opposed by the correlated-charge fluctuation, which reduces bending rigidity of a charged membrane. In addition, they remarked on associated conformational instability, but considered the charge fluctuations on rigid surface such as plane and sphere, leaving out the conformational flexibility of membrane surface.
As reflected in the flickering of red blood cells observed three decades ago [8] , biological membranes are indeed flexible and inherently undergo thermal undulations. These shape fluctuations give rise to the entropically repulsive interaction called as Helfrich repulsion [9] , resulting in unbinding transition between membranes [10] . Further, the bending undulations are coupled with various internal degrees of freedom such as local lipid composition and asymmetric inclusions, yielding the interesting aspects even in a neutral membrane, e.g., curvature instability [11] . Therefore, to elucidate shape changes and instabilities of the membrane caused by heterogeneous charge distributions, one should take into account both charge fluctuation and conformational fluctuation in a self-consistent way: Unlike rigid bodies, the flexible charged membrane can adjust their configurations to reduce the electrostatic energy in response to variations of the charge distribution, which in turn depends on configuration of the membrane [12, 13] . Only recently have there emerged a study to incorporate these two fluctuations into a transition between extended and collapsed conformations of polyelectrolytes [14] . Depending upon the counterion valency as well as the persistence length, the rod-like structure of stiff polyelectrolytes is found to be unstable and collapse into a globular state due to the attraction caused by the fluctuating counterions. Yet a comprehensive picture of the coupling between charge fluctuation and membrane undulation is less understood.
In this work, we address this problem by considering an undulating planar membrane composed of a dilute mixture of cationic and anionic lipids in pure water, each with number density n + (x) and n − (x), constituting excess surface charge density, n(x) = n + (x) − n − (x). Because of fluidity of the membrane, the ionic surfactants are laterally diffusive to yield the inherent fluctuations of charge distributions. Along with the fluctuating surface charge densities, we also incorporate the local surface undulation h(x) relative to a reference plane represented by the two-dimensional (2D) coordinate x. Assuming the ideal-gas expression, the entropy of surface charges is expanded up to the second order in the density variation [4] . The effective Hamiltonian H of the system with given n(x) and h(x) is then sum of the electrostatic interaction, entropic contribution, and membrane elastic energy:
where β = 1/k B T and B ≡ e 2 / k B T is the Bjerrum length where the electrostatic energy is comparable to the thermal energy in the solvent with dielectric constant . Here, σ 0 and κ 0 are bare surface tension and bending rigidity that the membrane would take if all the lipid charges were to be vanishing. The compressibility modulus χ of the 2D layer charge measures the energy cost of charge fluctuations around the average value n = n + − n − , and is given by the inverse of total number density of ionic surfactants in the ideal gas model:
) and r = (x , h(x )) are three-dimensional positions of the charges on the undulating surface so that the Coulomb interaction incorporates the undulation effect. This model can be also applied to a charged membrane in the presence of counterions [7] . For high surface charge densities, the counterions condense within a thin layer from the membrane, effectively contributing to n(x) which fluctuates due to their mobility. Note that areal charge concentration c(x) on the undulating surface is related to the charge density n(x) projected on the reference plane, by c(x) = n(x)/ 1 + (∇ x h(x)) 2 . For the integration measure, we consider the ensemble where the number of total charges over the whole undulating surface is kept constant: d 2 sc(x) = d 2 xn(x) = constant, where d 2 s represents the area element upon the curved surface.
In order to discuss the electrostatic effects on the membrane with a given undulation h(x), we integrate over the fluctuating charge density n(x) functionally to obtain an effective free energy F eff [h] of the membrane:
Using the standard method [14, 15] , the effective free energy can be evaluated up to the second order in the undulation h (harmonic approximation), and is written in terms of the Fourier modes as
where the spectrum function is
with
Here, L is the linear system size, and a, the microscopic-cutoff length for the continuum description, is of the order of the distance between lipids. For the compressibility χ given by the ideal-gas entropy, λ = χ/2π B = 1/2π n t B and scales like the Gouy-Chapman length characterizing the thickness of the confined counterion layer. The ∆σ and ∆κ, contributions to the surface tension and bending rigidity solely from charge fluctuation, are both negative. This implies that the membrane more easily bends as a result of the electrostatic attraction induced by correlated-charge fluctuation on it. The magnitudes of both contributions monotonically decrease as λ increases; as seen from the entropic term in eq. (1), the charge fluctuation is strongly suppressed by large λ (low chargedlipid density). For L λ a, ∆κ is found to be consistent with the non-analytic logarithmic corrections obtained by Lau and Pincus [7] in a different way. In usual cases where L is large compared to λ, ∆κ can be of the order of k B T and comparable to κ 0 of very flexible membranes.
The electrostatic effects of non-vanishing excess charges give rise to a negative k-linear term, −αk, of magnitude proportional to n 2 , which was not treated in earlier approaches. This k-linear term makes ω 2 (k) negative at small values of k. Since the spectrum function ω 2 (k) means the free-energy cost of the height fluctuation of a mode with wave vector k, the mean-square fluctuation diverges at long wavelengths, indicating a conformational instability of the planar membrane. It is due to the electrostatic repulsions among the uncompensated excess charges: the flexible membrane tends to produce long-wavelength wiggles in order to reduce the electrostatic repulsion, by separating the excess-surface charges more apart.
Seemingly, the instability due to the Coulomb repulsion is incompatible with the previous mean-field or Poisson-Boltzmann results [6, 12] . Unlike our case, most of them have assumed the constant areal charge density c. Therefore, on a curved surface, the distance between charges decreases compared to that on the plane, and the electrostatic energy increases, making the membrane more rigid. To make a quantitative contact with their results, we should replace the integration measure of eq. (1) with dof ω 2 (k) into α(Lk 2 − k). The additional term αLk 2 makes ω 2 (k) positive over all realistic range of k, implying the stiffening of membrane consistently with earlier theories. Such a choice of integration measure affects only the renormalization of surface tension, but is irrelevant to our main results as far as we consider the membrane with an effectively vanishing tension: when the charged-surfactants bilayer is connected to a lipid reservoir, the membranes are actually free to change the area upon the undulations.
Equation (4) shows that, for the fluid membrane (σ = σ 0 + ∆σ → 0), it tends to be spontaneously unstable when k < k * ≡ (α/κ 0 ) 1/3 for κ 0 ∆κ. However, if k * is less than the smallest wave vector cutoff given by the inverse of L, k * < k m = 2π/L, i.e., the membrane size is less than a certain critical value,
for L λ, the membrane remains stable. Note that the critical size L * is inversely proportional to n 2 due to the electrostatic effects of the excess charges. This result may qualitatively explain the experiments: When the neutral lamellar phase is charged by the addition of ionic surfactant [16] or the anionic and cationic surfactants are mixed in pure water [17] , the spontaneous vesiculations have been observed to occur despite the cost of bending energy. The average radius of vesicles, proportional to L * , is known to decrease with the increasing excess charge density n due to the electrostatic repulsions. Also interestingly, eq. (6) predicts that large charge fluctuation (small χ) suppresses the instability significantly. Owing to their preferential adsorptions onto the membrane surface, the multivalent counterions induce a lower excess charges and a stronger charge fluctuation than monovalent ions (χ is inversely proportional to counterion valency [3] ), leading to enhanced suppression of vesiculation in agreement with experiments [18] . On the other hand, alternative mechanisms of a negative Gaussian curvature [7] and an equilibrium curvature induced by different charge concentrations across the vesicle bilayer [19] were also proposed. The equimolar mixtures of anionic and cationic surfactants were considered in ref. [7] , but actual vesicle formation takes place in a low-concentration regime where excess charge density is non-vanishing [16, 17] . In equimolar mixtures, the ionic surfactants rather form the lamellar phases or precipitations in solution [17] . Our study suggests that the instability intrinsic to the Coulomb systems is responsible for these spontaneous vesiculations. This is reminiscent of the Rayleigh limit where a charged droplet of a liquid is unstable with respect to breakage into smaller charged droplets [20] .
The non-condensed, free ions from added salts in embedded solutions contribute to screening the Coulomb interactions among the surface charges. We incorporate the effect of free ions as an additional contribution to the electrostatic energy in eq. (1) under the constraint of overall charge neutrality of free ions. We first integrate over the free-ion positions within harmonic approximations [3, 21] , and then find that the bare Coulomb interaction in eq. (1) is replaced by exp[−κ D |r − r |]/|r − r |, which is equivalent to Debye-Hückel theory. Here
1/2 is an inverse of Debye screening length λ D , and proportional to the squareroot of free-ion strength n f . Following the same procedure as before, we obtain the spectrum function for the effective free energy in the case of added salt as where
which recovers α of bare Coulomb system (eq. (5) f , implying that the screening stabilizes the Coulomb systems effectively. It is also in accord with the experimental observations that the average size of spontaneously formed vesicles increases with salinity due to electrostatic screening effects. Furthermore, the vesiculation is restrained and a lamellar phase is stabilized upon the addition of more salt. On the other hand, for a high concentration of salt, the electrostatic contribution of uniform charge density to the bending rigidity is obtained from letting χ infinite to yield
which coincides with the mean-field results obtained by many authors [6] in the Debye-Hückel (linearized Poisson-Boltzmann) regime.
The renormalizations of the elastic constants due to charge fluctuations are given by
which obviously reproduce the bare Coulomb results in the limit of vanishingly small κ D and become negligible for large λ (small charge fluctuation). ∆σ is always negative and converges to zero as the λκ D increases. On the other hand, ∆κ shows a non-monotonic approach to zero, with a sign reversal to positive at a certain value of λκ D ( fig. 1 ). To analyze this, the bending rigidity in the range of 2πλ/L λκ D 2πλ/a can be written as
For λ/a 1, the bending rigidity changes from a negative value to a positive one when
With a ∼ B (≈ 7Å in water at room temperature), the above condition indicates that, as the Debye screening length λ D decreases to a length below the mean spacing between charged lipids, the attraction among the fluctuating surface charges ceases to soften the membrane: As the surface charge density becomes low enough or the salt concentration increases, the charge fluctuation is suppressed or becomes uncorrelated due to the screening effects of salts.
In conclusion, we have studied the electrostatic effects on the elastic properties and stability of a flexible membrane. The non-vanishing excess membrane charges, due to the Coulomb repulsion, give rise to an instability with respect to the long-wave undulation. On the other hand, the charge fluctuation, due to the effective interaction it induces, yields negative contributions to elastic constants and reduces the instability. This effect of charge fluctuation can be greatly enhanced by the multivalent-condensed counterions. The free ions screen the Coulomb interaction so as to increase the membrane stability and stiffness. * * * 
